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Abstract. We study exact module categories over the representation 
categories of finite-dimensional quasi-Hopf algebras. As a consequence 
we classify exact module categories over some families of pointed tensor 
categories with cyclic group of invertible objets of order p, where p is a 
prime number. 
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Introduction 

For a given tensor category C a module category over C, or a C-module, 
is the categorification of the notion of module over a ring, it consist of an 
Abelian category Ai together with a biexact functor : C x A4 ^ M 
satisfying natural associativity and unit axioms. A module category M is 
exact [EOl] if for any projective object P € C and any M £ Ai the object 
P (S) M is again projective. 

The notion of module category has been used with profit in the theory of 
tensor categories, see [DGN0],[EN01], [EN02]. Interestingly, the notion of 
module categories is related with diverse areas of mathematics and mathe- 
matical physics such as subfactor theory [Oc] , [BEK] ; extensions of vertex 
algebras [KG], Calabi-Yau algebras [Gi], Hopf algebras [N], affine Hecke al- 
gebras [BO] and conformal field theory, see for example [BFS], [GSl], [CS2], 
[FSl], [FS2], [01]. 

The classification of exact module categories over a given tensor category 
was undertaken by several authors: 

1. When C is the semisimple quotient of Uq{5l2) [Oc], [KG], [EG2], 

2. over the category of finite-dimensional S'Lg(2)-comodules [03], 

3. over the tensor categories of representations of finite supergroups 
[EOl], 

4. for any group-theoretical tensor category [02], 

5. over the Tambara-Yamagami categories [Ga2], [MM], 
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6. over the Hageerup fusion categories [GS], 

7. over Rep(i7), where H is a lifting of a quantum hnear space [Mo2]. 

In this paper we are concerned with the classification of exact module cat- 
egories over some families of finite non-semisimple pointed tensor categories 
that are not equivalent to the representation categories of Hopf algebras. 

An object X in a tensor category is invertible if there is another object Y 
such that X(g)y 2± 1 ~ y(g)X. A pointed tensor category is a tensor category 
such that every simple object is invertible. The invertible objects form a 
group. Pointed tensor categories with cyclic group of invertible objects were 
studied in [EGl], [EG2], [EG3] and later in [A]. 

Any finite pointed tensor category is equivalent to the representation cat- 
egory of a finite-dimensional quasi-Hopf algebra A. In the case when the 
group of invertible elements is a cyclic group G there exists an action of G 
on Rep(^) such that the equivariantization Rep(^)*^ is equivalent to the 
representation category of a finite-dimensional pointed Hopf algebra H, see 
[A]. The purpose of this work is to relate module categories over Rep(^) 
and module categories over Rep(i?) and whenever is possible obtain a clas- 
sification of exact module categories over Rep(yl) assuming that we know 
the classification for Rep{H). Module categories over any quasi-Hopf alge- 
bra are parameterized by Morita equivariant equivalence classes of comodule 
algebras. We would like to establish a correspondence as follows: 

( Morita quivalence classes "j ( Morita equivalence classes 



The contents of the paper are the following. In Section 2 we recall the 
notion of exact module category, the notion of tensor product of module 
categories over a tensor category. In Section 3 we recall the notion of G- 
graded tensor categories, G-actions of tensor categories and crossed products 
tensor categories. We also recall the G-equivariantization construction of 
tensor categories and module categories. 

Section 4 is devoted to study comodule algebras over quasi-Hopf algebras 
and how they give rise to module categories. Next, in Section 5 we study the 
equivariantization of the representation category of a quasi-Hopf algebra and 
the equivariantization of comodule algebras. We describe the datum that 
gives rise to an action in a representation category of a comodule algebra, 
that we call a crossed system and we prove that the equivariantization of 
module categories are modules over a certain crossed product comodule 
algebra. 

In Section 6.1 we recall the definition of a family of finite-dimensional 
basic quasi-Hopf algebras introduced by I. Angiono [A] that are denoted by 
A{H, s), where H is a coradically graded Hopf algebra with cyclic group of 
group-like elements. A particular class of these quasi-Hopf algebras were 
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introduced by S. Gelaki [Ge] and later used by Etingof and Gclaki to clas- 
sify certain families of pointed tensor categories. There is an action of a 
group G C G{H) on Rep(yl(i7, s)) such that Rep(yl(i?, s))^ ~ Rep(i7) 
[A]. For any left i?-comodule algebra K such that IkG C we con- 
struct a left A{H, s)-comodule algebra. We prove that in the case that 
I G{H) 1= , where p is a prime number, the representation category of 
this family of comodulc algebras is big enough to contain all module cate- 
gories over Rep(A(if, s)). We apply this result to classify module categories 
in the case when H is the bosonization of a quantum linear space. 

Acknowledgments. We are very grateful to Ivan Angiono for many fruit- 
ful conversations and for patiently answering our questions on his work [A] . 
We also thank the referee for his constructive comments. 

1. PRELIMINARIES AND NOTATION 

Hereafter k will denote an algebraically closed field of characteristic 0. 

All vector spaces and algebras will be considered over k. 

If iif is a Hopf algebra and A is an i7-comodule algebra via \ : A ^ H^-j^A^ 
we shall say that a (right) ideal J is i^-costable if A(J) C H(SikJ- We shall 
say that A is (right) iJ-simple, if there is no nontrivial (right) ideal H- 
costable in A. 

If if is a finite-dimensional Hopf algebra then Hq C Hi C ■ ■ ■ C Hm = H 
will denote the coradical filtration. When Hq <^ H \s a, Hopf subalgebra then 
the associated graded algebra gr i7 is a coradically graded Hopf algebra. If 
{A, A) is a left ii"-comodule algebra, the coradical filtration on H induces a 
filtration on A, given by An = X~^{Hn®kA) called the Loewy filtration. 

1.1. Finite tensor categories and tensor functors. A tensor category 
over k is a k-lincar Abelian rigid monoidal category. A finite tensor category 
[EOl] is a tensor category such that it has a finite number of isomorphism 
classes of simple objects, Hom spaces are finite-dimensional k- vector spaces, 
all objects have finite length, every simple object has a projective cover and 
the unit object is simple. 

Hereafter all tensor categories will be considered over k and every functor 
will be assumed to be k-linear. 

If C, T> are tensor categories, the collection (F, ^,(f>) : C — t- D is a tensor 
functor if F : C ^ V is a functor, cp : F{lc) — >• Id is an isomorphism and 
for any X,Y e C the family of natural isomorphisms (x,Y '■ F{X)'SiF{Y) — )■ 
F{X(S)Y) satisfies 
(1.1) 

Cx,Y'S>z{idp(^x)'^CY,z)aF{x),F(Y),F(z) = F{ax,Y,z)Cx<»Y,z{Cx,Y'^^d F{Z)), 
(1-2) If{x) = F{lx)Ci,x{<pmF{x)), 



(1.3) 



rF{x) = F{rx)Cx,i{id F{x)®(l>), 
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If (F,(),{G,^) : C ^ V are tensor functors, a natural tensor transfor- 
mation 7 : F — >^ G is a natural transformation such that ^X'^yC,x,y = 
U,y{ix®1y) for all X,Y eC. 



A (left) module category over a tensor category C is an Abelian cate- 
gory M. equipped with an exact bifunctor ^ : C x M ^ M., that we will 
sometimes refer as the action, natural associativity and unit isomorphisms 
mx,Y,M ■■ {X ® Y)^M X «) {Y0M), £m : l^M M subject to natural 
associativity and unity axioms. See for example [EOl]. A module category 
Ai is exact, [EOl], if for any projective object P ^ C the object P®M is 
projective in M. for all M G A^. Sometimes we shall also say that M. is 
a C-module. Right module categories and bimodule categories are defined 
similarly. 

If is a left C-module then A^°p is the right C-module over the opposite 
Abelian category with action A^°p x C ^ 7W°p, {M,X) i-> X*®M and 
associativity isomorphisms fri^xY ~ ^'Y*,X*.M for all X,Y C, M £ Ai. 

If C,C' ,£ are tensor categories, Al is a (C, £^)-bimodule category and M 
is an (f^,C')-bimodule category, we shall denote the tensor product over £ 
by M. Klg M. This category is a (C, C')-bimodule category. For more details 
on the tensor product of module categories the reader is referred to [EN03] , 



A module functor between module categories M. and M' over a tensor 

category C is a pair {T,c), where T : Al — )■ A4' is a functor and cx,m '■ 
T{X'^M) — > X^T{M) is a natural isomorphism such that for any X,Y e C, 
M eM: 



We shall use the notation (T, c) : M. — )■ M'. There is a composition of 
module functors: if M" is another module category and {U,d) : M' — >■ M." 
is another module functor then the composition 

(2.3) {U oT,e) : M ^ M" , where ex,M = dx,u{M) ° U (cjc.m), 

is also a module functor. 

Let Ail and M.2 be module categories over C. We denote by Homc(Ali, Al2) 
the category whose objects are module functors (-F, c) from Aii to M.2- A 
morphism between {T,c) and {G,d) G Homc(A4i, Al2) is a natural trans- 
formation a : ^ Q such that for any X £ C, M e Mi: 

(2.4) dx,M^x®M = (idx^aA^)cjc,M- 

Two module categories Mi and M2 over C are equivalent if there exist 
module functors F : Mi ^ M2 and G : M2 Mi and natural isomor- 
phisms id Ml F oG, id j\42 G o F that satisfy (2.4). 



2. Module categories 



[Gr]. 



(2.1) 
(2.2) 



(idx <^ CY,M)Cx;Y®M'^i.^X,Y,M) = ''^X,Y,T{M) CX»Y,M 
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The direct sum of two module categories ^Al and over a tensor cat- 
egory C is the k-Unear category A^i x with coordinate- wise module 
structure. A module category is indecomposable if it is not equivalent to a 
direct sum of two non trivial module categories. 

If (F,^) : C — 7> C is a tensor functor and (A^,(g),m) is a module cat- 
egory over C we shall denote by A4^ the module category {Ai,®^ ,m^) 
with the same underlying Abelian category with action and associativity 
isomorphisms defined by 

X®^M = F(X)®M, m^^Y,M = mF{x),F{Y),M{^x]Y'^id m), 

for all X, ye C, M eM. 

3. EQUIVARIANTIZATION OF TENSOR CATEGORIES 

3.1. Group actions on tensor categories. We briefly recall the group 
actions on tensor categories and the equivariantization construction. For 
more details the reader is referred to [DGNO] . 

Let C be a tensor category and let Aut^{C) be the monoidal category of 
tensor auto-equivalences of C, arrows are tensor natural isomorphisms and 
tensor product the composition of monoidal functors. We shall denote by 
Aut|g,(C) the group of isomorphisms classes of tensor auto-equivalences of C, 
with the multiplication induced by the composition, i. e. [F] [F'] = [F o F'] . 

For any group G we shall denote by G the monoidal category where 
objects are elements of G and tensor product is given by the product of G. 
An action of the group G over a C, is a monoidal functor * : G — >■ Aut|g)(C). In 
another words for any a e G there is a tensor functor {F^, : C ^ C, and 
for any a,T e G, there are natural tensor isomorphisms ja,T Fa-oF-r ^ Far- 

3.2. G-graded tensor categories. Let G be a group and C be a tensor 
category. We shall say that C is G-graded, if there is a decomposition 

C = ®aeGCa 

of C into a direct sum of full Abelian subcategories, such that for all a,T € G, 
the bifunctor (g) maps x Cr to C^t- Given a G-graded tensor category C, 
and a subgroup H C G, we shall denote by Ch the tensor subcategory 
®heHCh- 

3.3. G-equivariantization of tensor categories. Let G be a group acting 

on a tensor category C. An equivariant object in C is a pair {X, u) where 
X G C is an object together with isomorphisms : F(^{X) X satisfying 

for all E G. A G-cquivariant morphism (p : {V, u) {W, u') between 
G-equivariant objects (V, f) and {W,a), is a morphism (p : V ^ W in A4 
such that (f)ou^ = u'^o F^{<p)) for all a £ G. 
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The tensor category of equivariant objects is denoted by C and it is 
called the equivariantization of C. The tensor product of C*^ is defined by 

{V, u) {W, u') := {V 0W,u), 
where Ua = {ua'^u'^)Ca^ , for any a & G. The unit object is (l,idi). 

3.4. Crossed product tensor categories and G-invariant module cat- 
egories. Given an action * : G — )■ Aut(g,(C) of G on C, the G-crossed product 
tensor category, denoted by C xi G is defined as follows. As an Abelian cat- 
egory C X G = 0o.gG^o-' where = C as an Abelian category, the tensor 
product is 

[X,a]^[Y,T]:=[X ^F„iY),aT], X,YeC, a,TeG, 

and the unit object is [l,e]. See [Ta] for the associativity constraint and a 
proof of the pentagon identity. 

If C = Rcp(74) is the representation category of a finitc-dimcnsional quasi- 
Hopf algebra A then C x G is also a representation category of a finite- 
dimensional quasi-Hopf algebra B. This is an immediate consequence of 
[EOl, Prop. 2.6] since each simple object G C x G is isomorphic to 
[V,e] (g) [1,0-], where a G G and V G Rep(A) is simple. Let d : Ko{C) Z 
the Perron-Frobenius dimension, then e] [1,<7]) = d{V)d{[l,a]) = 
d{V) G Z, where (i([l,cr]) = 1 because [1,(t] is multiplicatively invertible. 

3.5. Equivariantization of module categories. We shall explain anal- 
ogous procedures for equivariantization in module categories. Equivariant 
module categories appeared in [EN02]. We shall use the approach given in 
[Gal]. 

Let G be a group and C be a tensor category equipped with an action of 
G. Let be a module category over C. For any 5 G G we shall denote by 
M.'^ the module category M.^"^ . If cr G G, we shall say that an endofunctor 
T : M. ^ M is a-invariant if it has a module structure (T, c) : M ^ M^. 

If o", r G G and T is cr- invariant and U is r-invariant then T o J7 is ar- 
invariant. Indeed, let us assume that the functors (T, c) : M A4'^ , {U, d) : 
M. — )■ M'^ are module functors then (T o U,b) : M. ^ M'^'^ is a module 
functor, where 

(3.1) bx,M = {{la,T)x^id)cF^(^x),MT{dx,M), 

for all X G C, M G M. 

Definition 3.1. Let F C G be a subgroup. 

1. The monoidal category of cr-equivariant functors for some cr G -F in 

M will be denoted by Aut^(A^). 
3. An F- equivariant module category is a module category M equipped 

with a monoidal functor ($,/Lt) : F_ — > Aut^(A^), such that $(cr) is 

a cr-invariant functor for any a E F. 
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In another words, an F-equivariant module category is a module category 
M. endowed with a family of module functors {Ua, c") : M — >■ M"^ for any 
a € F and a family of natural isomorphisms fia,T '■ {Ua ° Ur, b) — >■ {U^t, c*^^) 
a,T £ F such that 

(3.2) (^g.^^^)^ o Ucr{Hr,v)M = {l^aT,u) m ° (Mct,t)[/^(m) ' 

(3.3) C^^M O (/^(t,t)x®M = ((7a,T)x^(/Xa,T)M) O 4^(x),[/,(M) ° ^(t(Cx,m)> 

for all a,T,u e F, X e C, M e M. Equation (3.2) follows from (1.1) and 

(3.3) follows from (2.4). 

Example 3.2. C is a G-equivariant module category over itself. For any 

g ^ G set {Ua, c'^) = {F„,9a) and /io-,r = To-.r for all a,T & G. 

If A4 is an F-cquivariant module category, an equivariant object (see 
[EN02, Def. 5.3]) is an object M € A4 together with isomorphisms {v^ : 
Ua{M) M -.aeF} such that for all a,T e F 

(3.4) Var O {iJ^c,t)m = O Ua{Vr). 

The category of F-equivariant objects is denoted by Ai^. A morphism 
between two F-equivariant objects {M,v), {M',v') is a morphism f : M ^ 
M' in M such that fova = v'^o Ua{f) for all a eF. 

Lemma 3.3. The category Ai^ is a C*^ -module category. 

Proof. If {X, u) G and (M, v) G the action is defined by 

{X,u)®{M,v) = {X®M,v), 

where = {ua'^Va)c'^ for all a G F. The object (X(g)M, u) is equivariant 
due to equation (3.3). The associativity isomorphisms are the same as in 
M. □ 

The notion of F-equivariant module category is equivalent to the notion of 
C XI F-module cateory. If M is an F-equivariant C-module category for some 
subgroup F of G, then is a C xi F- module with action 0: C'x\FxM.^M 
given by [X^gJ^M = X®Ug{M), for ah X G C, 5 G F and M G A^. The 
associativity isomorphisms are given by 

m[x,gUYMM = (idx^(4t;^(M))"^(idF,(y)®/^;i(M))) mx,F,{Y),U,H{M), 

for all X, y G C, 5, /i G F and M G 

In the next statement we collect several well-known results that are, by 
now, part of the folklore of the subject. 

Proposition 3.4. Let G he a finite group acting over a finite tensor category 
C. If F C G is a subgroup, and Ai is an F -equivariant C-module category, 
then: 

1. If Ai is an exact ( indecomposable) C-module category then Ai is an 
exact (respectively indecomposable) C xi F -module category. 
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2. is an exact module category if and only if M. is an exact module 
category. 

3. There is an equivalence of C'^ -module categories 

(3.5) ~ HomcxF(C, M)-C°Pmc>,FM-{CxGmc>,FM)^. 

4. IfAf is an indecomposable (exact) module category overC^ there ex- 
ists a subgroup F of G and an F-equivariant indecomposable (exact) 
module category M over C such that M — . 

5. If M.I, M.2 are G-equivariant C-module categories such that A4f ~ 

c-^ -module categories then A4i ~ A42 as C-module cate- 
gories. 

Proof. 1. Let P G C X G be a projective object. Thus, there exists a family 
of projective objects P„ £ C such that P = (BaeciPa, o"]. Let M £ A4, then 
P®M = ^„^Q Pcr®Ua{M)., and since M. is an exact C-module category 
P(j®U^{M) is projective for all cr, thus P'^M is projective. 

2. Under the correspondence described in [Ta, Thm. 4.1] is enough to 

show that a C XI F-modulc category Ai is exact if and only if M is an exact 
C-module category. The proof follows from part (1) of this proposition. 

3. An object (F, c) G Homcxij7(C, A4) is determined uniquely by an object 
M e M such that F{X) = X^M together with an isomorphism = 
C[i,(t],i • Ua{M) — > M. This correspondence establish an equivalence M-^ ~ 
Homc>jF(C,7W). The equivalence }iomcxF(C, M) ~ C°p ^CxF M follows 
from [Gr, Thm. 3.20]. 

Since CxG^cxfM. is a Cx G-module then it is a G-equivariant C-module 
category, thus 

[CxG ^cxF M)^ - C°P KcxG (C X G ^cxF M) ~ C°P ^cxf M ~ M^. 
The first equivalence is [Ta, Thm 4.1]. 

4. By [EOl, Proposition 3.9] every indecomposable exact tensor category 

over a finite tensor category is a simple module category in the sense of 
[Gal], so the result follows by the main result of [Gal], and the item (1) of 
this proposition. 

5. Since Mi, M.2 are G-equivariant then they are C x G-module cate- 
gories. It follows from [Ta, Thm. 4.1] that this are equivalent C x G-module 
categories. This equivalence induces an equivalence of C-module categories 
(see [Ta, Ex. 2.5]). □ 

It follows from Proposition 3.4 (4) that the equivariantization construc- 
tion of module categories by a fixed subgroup is injective. Moreover, if the 
equivariantization of a module category by two subgroups gives the same 
result then the groups must be conjugate. We shall give the precise state- 
ment in the following. First we need a definition and a result from the paper 
[Ga2]. 
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Definition 3.5. [Ga2, Def. 4.3] Let C be a G-graded tensor category. If 
(A^,®) is a Cg-module category, then a C-extension of is a C-module 
category {M, 0) such that {M, <8)) is obtained by restriction to Ce- 

Proposition 3.6. [Ga2, Prop. 4.6] Let C be a G-graded finite tensor cate- 
gory and let F, F' C G be subgroups and (TV, 0), (A/"', 0') be a Cp -extension 
and a Cp' -extension of the indecomposable Cg-module categories J\f and M' , 
respectively. Then C ^Cpi A/"' = C C-modules if and only if there 

exists a E G such that F = aF'a~^ and C^p' ^Cpi A/"' = Af as Ce-module 
categories. 

Theorem 3.7. Let G be a finite group action on a finite tensor category 
C and let F,F' C G be subgroups. Let Af and N' be an F-equivariant 
and an F'-equivariant module categories respectively, such that J\f and J\f' 
are indecomposable as C-module categories and = M'^ as C^ -module 
categories. Then F and F' are conjugate subgroups in G. 

Proof. It follows from Proposition 3.4 (3) that there is an equivalence of 
C'^-modules 

Hence by Proposition 3.4 (5) there is an equivalence of C x: G-modules C x 
G^CxifA/" ~ C XI G^cxiF' A/"', thus the result follows from Proposition 3.6. □ 

4. QUASI-HOPF ALGEBRAS 

A quasi-bialgebra [D] is a four-tuple (A, A, e, $) where A is an associative 
algebra with unit, $ G {A®A®A)^ is called the associator, and A : A ^ 
AiSiA, £ : A ^ k are algebra homomorphisms satisfying the identities 

(4.1) $(A0id)(A(/i)) = (id®A)(A(/i))$, 

(4.2) (id®£)(A(/i)) = h^l, (£®id)(A(/i)) = l®h, 

for all h e A. The associator $ has to be a 3-cocycle, in the sense that 

(4.3) (l0^>)(id0A0id)($)($0l) = (id 0id 0A)($)(A0id 0id )(^>), 

(4.4) (id 0e0id )($) = 10101. 

A is called a quasi-Hopf algebra if, moreover, there exists an anti-morphism 
S of the algebra A and elements a,P £ A such that, for all h e A, we have: 

(4.5) 'S'(/i(i))a/i(2) = e(/i)a and /i(i)/3<S'(/i(2)) = ^{h)l3, 

(4.6) <^^pS{^^)a^^ = 1 and 5($"^)a$-2/35($-3) = l. 

Here we use the notation <I> = <I>^0<I)^0<&^, = <I>"^0<I>"^0<I)"^. If A 
is a quasi-Hopf algebra, we shall denote by Rep(^) the tensor category of 
finite-dimensional representations of A. 
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An invertible element J € Ai^A is called a twist if (e®id)(J) = 1 = 
(id(8)£)(J). If ^ is a quasi-Hopf algebra and J = J^0J^ G A^A is a twist 
with inverse = J~^'S)J~'^, then wc can define a quasi-Hopf algebra 

on the same algebra A keeping the counit and antipode and replacing the 
comultiplication, associator and the elements a and /3 by 

(4.7) Aj{h) = JA{h)J-\ 

(4.8) $j = (l(x)J)(id®A)(J)$(A®id)(J-^)(J-^(g)l), 

(4.9) aj = S{J-^)aJ-^, /3j = J^^S{J^). 

We shall denote this new quasi-Hopf algebra by {Aj, $j). If $ = 1 then, in 
this case, we shall denote $j = dJ. 

4.1. Comodule algebras over quasi-Hopf algebras. Let (^, $,«,/?, 1) 
be a finite dimensional quasi-Hopf algebra. 

Definition 4.1. A left ^-comodule algebra is a family (/C, A, $a) such that 
/C is an algebra, A : /C — )• A0K. is an algebra map, $a € Ai^iA^JC is an 
invertible element such that 

(4.10) 

(l®$A)(id (8) A(8)id)(^>A)($(8)l) = (id(8)id(g)A)($A)(A(8)id®id)($A), 

(4.11) (id®e®id)($A) = 1, 

(4.12) $A(A«)id)A(x) = ((id «) A)A(x))$a, x e IC 

We shall say that a comodule algebra (/C, A, $a) is right A-simple if it has 
no non-trivial right ideals J C /C such that J is costable, that is A(J) C 
^(g)/C. 

Remark 4.2. The notion of comodule algebra for quasi-Hopf algebras does 
not coincide with the notion of comodule algebra for (usual) Hopf algebras. 
For quasi-Hopf algebras the coaction may not be coassociative. 

If (/C, A,$a) is a left ^-comodule algebra, the category ^Ma consists of 
(/C, ^)-bimodules M equipped with a (/C, ^)-bimodule map (5 : M — )■ A^M 
such that for all m € M 

(4.13) $A(A0id)(5(m) = (id®(5)(5(m)$, 

(4.14) (e^id)5 = id. 

The following result will be useful to present examples of exact module 
categories, it is a consequence of some freeness results on comodule algebras 
over quasi-Hopf algebras proven by H. Henker. 

Lemma 4.3. Let (/C, A, ^\) be a right A-simple left A-comodule algebra. If 
M G X.M. then A®M G x.M. is projective. 
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Proof. The object A^M is in the category as follows. The left /C- 

action and the right A-action on A^M are determined by 

X ■ (a(8)m) = a;(_i)a(8)a::(o) • m, {a®m) ■ b = ah®m, 

for all X G /C, a, 6 G A and m G M. The coaction is determined by 5 : 
A®M A®A(^M, 5 = $A(A0id m)- It follows from [He, Lemma 3.6] that 
A®M is a projective /C-module. □ 

4.2. Comodule algebras over radically graded quasi-Hopf algebras. 

Let A be a quasi-Hopf algebra radically graded., that is there is an algebra 
grading A = ®'^qA[i\, where / := RadA = ej>iA[?] and = e'i>kA[i] 
for any k = 0...m. Here 7° = A. Since A(/) C I'S)A + A^I then A(/) C 
^^^Q P®I^^^ for any /c = . . . m. In this case ^[0] is semisimplc, A is 
generated by A\})\ and ^[1], and the associator $ is an element in A[0]®^, 
see [EGl, Lemma 2.1]. 

If {K., A, $;^) is a left ^-comodule algebra, define 

/Ci = A-^(7'®/C), z = 0...m. 

This is an algebra filtration, thus we can consider the associated graded 
algebra gr/C = ©^q^H' = ^i/^i+i- 

Lemma 4.4. 1. The above filtration satisfies 

i 

(4.15) A(/Ci) C P^lCi-j. 

j=o 

2. There is a lefl; A-comodule algebra structure (gr/C, A, $;^) satisfying 

(4.16) A(gr/C(n)) C A[k]®lC[n - k]. 

3. {K,[G\,\,^\) is a left A[0]- comodule algebra. 

Proof. Item (1) follows from the definition of /Cj and equation (4.12). For 
each n = . . . m there is a linear map A : gr /C — )■ A(g)gr K. such that the 
following diagram commutes 

TT 

/C[n] el^QA[k]0klC[n-k]. 

Defining as the projection of $a to ^[0](gi^[0](8)/C[0] follows immediately 
that (gr/C, A,$a) is a left A-comodule algebra. □ 

Lemma 4.5. The following statements are equivalent: 
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1. IC is a right A-simple left A-comodule algebra. 

2. /C[0] is a right A[0]-simple left A[0]-comodule algebra. 

3. gi fC is a right A-simple left A-comodule algebra. 

Proof. Assume /C[0] is a right A[0]-simple. Let J C ^ be a right ideal 
^-costable. Consider the filtration J = Jo ^ Ji ^ ■ ■ ■ 71 J-m given by 
Jfe = \~^{I^®J) for all k = 0...m. Set J{k) = Jk/Jk+i for any k and 
J = ®k J{k). It follows that for any n = 0. . .m 

(4.17) A(J(n)) C e^^o A[k]®J{k). 

In particular J(0) C /C[0] is a right ideal ^[0]-costable thus J = /C[0] or 

J = 0. In the first case J = A and in the second case J = Ji. It follows 
from (4.17) that 7(1) C /C[0] is a a right ideal A[0]-costable. Hence J = J2. 
Continuing this reasoning we obtain that J = 0. 

Assume now that /C is a right ^-simple. Let J C /C[0] be a right ^[0]- 
costable ideal. Denote vr : /C — )■ /C[0] the canonical projection and J = 
7r~^(J). Clearly J is a right A-costable ideal thus J = or J = /C, thus 
J = or J = /C[0] respectively. □ 

As a consequence we have the following result. 

Corollary 4.6. Let {A, $) be a radically graded quasi-Hopf algebra and 
{JC,X,^x) be a left A-comodule algebra such that /C[0] = kl then A is twist 
equivalent to a Hopf algebra. 

Proof. Since (/C[0], A, ^\) is a left j4[0]-comodule algebra then there exists an 
invertiblc clement J G A® A such that J®1 = <^x. Equation (4.10) implies 
that $ = dJ. □ 

4.3. Module categories over quasi-Hopf algebras. For any comodule 
algebra over a quasi-Hopf algebra A there is associated a module category 
over Rep(A). 

Lemma 4.7. Let A be a finite- dimensional quasi-Hopf algebra. 

1. If (IC, A, ^x) is a left A-comodule algebra then the category icA4 is a 
module category over Rep(^). It is exact if IC is right A-simple. 

2. If M is an exact module category overKep{A) there exists a left A- 
comodule algebra {fC, X, ^x) such that M. ^ ic-M. as module categories 
over Rep(yl). 

Proof. 1. The action ® : Rep (A) x jcM. K.M. is given by the tensor 
product over the field k where the action on the tensor product is given by 
A. The associativity isomorphisms mx,Y,M '■ {X ®Y) ® M ^ X ® {y ® M) 
are given by 

?nx,y,M(a;(8)y(8)m) = ■ x®<^\ ■ y^^x ' ^1 

for all x e X , y e Y , M e M , X,Y e Rep(yl), M G icM. To prove that 
icM is exact, it is enough to verify that AiSiM is projective for any M € ic-M. 
but this is Lemma 4.3. 
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2. This is a straightforward consequence of [EOl, Thm. 3.17], the proof 
of [AM, Prop. 1.19] extends mutatis mutandis to the quasi-Hopf setting. □ 

Definition 4.8. Two left A-comodule algebras (/C, A, $a)) i^'i^'i^'x) ^re 
equivariantly Morita equivalent if the corresponding module categories are 
equivalent. 

4.4. Comodule algebras coming from twisting. Let (A, $) be a quasi- 
Hopf algebra and J G A^A be a twist. Let {K, A, ^\) be a left A-comodule 
algebra. Let us denote by {Kj, Aj, $a) the following left Aj-comodule alge- 
bra. As algebras Kj = K, the coaction Aj = A and ^\ = ^\{J~^0l). 
The following results are straightforward. 

Lemma 4.9. {Kj, Aj, a left Aj-comodule algebra. It is right A-simple 

if and only if (K, A, ^x) is right A-simple. □ 

Lemma 4.10. Let J G A® A be a twist. If {K,X,^x) and {K',X',^'^) are 
equivariantly Morita equivalent A-comodule algebras then {Kj, Aj, $;^( J^^®1)) 
and {Kj, Aj, J~^(8)1)) are equivariant Morita equivalent Aj-comodule al- 
gebras. □ 

5. EQUIVARIANTIZATION OF QUASI-HOPF ALGEBRAS 

For a quasi-Hopf algebra A we shall explain the notion of a crossed system 
over A and discuss its relation with the equivariantization of the category 
Rep (A). 

Let Ai,A2 be quasi-Hopf algebras. A twisted homomorphism between Ai 
and A2 is pair (/, J) consisting of a homomorphism of algebras f : Ai ^ A2 
and an invertible element J G Af^ such that 

(5.1) $2(A ® id )( J)( J ® 1) = (id ® A)( J)(l ® J)(/®3)($i), 

(5.2) (e(8)id )( J) = (id ®e){J) = 1, 

(5.3) £(/(a))=e(a), 

(5.4) A(/(a))J = J(/2^(A(a))), for all a G A 

Remark 5.1. If (/, J) : Ai — > A2 is a twisted homomorphism, then G 
A2 (X) A2 is a twist and / : Ai — >■ (^.2)7-1 is a homomorphism of quasi- 
bialgebras. 

We define the category End'^™(Ai, ^2) whose objects are twisted homo- 
morphism from Ai io A2. A morphism between two twisted homomorphisms 
(/) •J)^ (/') J') : Ai ^ A2 is an element c G A2 such that c/(a) = f'{a)c for 
any a G Ai and A(c) J = J'{c®c). The composition of a : f ^ g, b : g ^ h, 
is 6a : / — 7- /i. If (/, Jy) : j4i ^ A2 and (5, J^) : A2 ^ A3 are twisted 
homomorphism, we define the composition as the twisted homomorpshism 
{gof,Jg{g^g){Jf)):Ai^As. 
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To any twisted homomorphism (/, J) : Ai ^ A2 there is associated a 
tensor functor 

(r,e-') :Rep(A2) ^Rcp(Ai), 

where f*{V) = V for aU V € Rep(A2)) and /* is the identity over arrows. 
The ^i-action on f*{V) is given through the morphism /. The monoidal 
structure is given by applying the element J G Af^: 

i-^M,N ■■ r{M) r (iV) ^ /*(M ® iV), eV,iv("^ ®n) = J{m ® n), 

for any M,N ^ Re]i{A2), m G M, n G N. Morphisms between twisted 
homomorphisms /, f : Ai A2 of quasi-Hopf algebras correspond to tensor 
natural transformations between the associated tensor functors. 

5.1. Crossed system over a quasi-Hopf algebra. Given a quasi-Hopf 

algebra A we shall denote by Aut "^""(A) the (monodial) subcategory of 
End ^'^ (A) where objects are twisted automorphisms of A, and arrows are 
isomorphisms of twisted automorphisms. 

Let G be a group, and let A be a quasi-Hopf algebra. A G-crossed system 
over A is a monoidal functor * : Aut "^^(A) such that = (id ^, 1 1). 
More explicitly a G-crossed system consists of the following data: 

• A twisted automorphism (a*, Jo-) for each a & G, 

• an element 0{cr,T) & A^ for each a,T E G, 
such that for all a E A, a,T, p E G, 



(5.5) 




= 1, 


(5.6) 


iU,Ji) 


= (id,l(g)l), 


(5.7) 




= o-*(n(a))6l(o,r), 


(5.8) 


^(<t,t)^((tt,p) 




(5.9) 




= 0{a,l) = li 


(5.10) 







Let A^G be the vector space A^i^kG with product and coproduct 
{x#a){y#T) = a;cr*(2/)6l(o.,r)#(JT, A{x#a) = J^#c7 (g> X(2) J^#a, 
for all x,y € A, a,T £ G. 

Proposition 5.2. The foregoing operations makes the vector space A^G 
into a quasi-bialgebra with associator $^#e (8) $^#e (8) ^^#e, and counit 
e{x#a) = e{x) for all x E A,a E G. 

Proof. It is straightforward to see that A^G is an associative algebra with 
unit l^e. Equation (4.1) follows from (5.1). The map e is an algebra 
morphism by (5.3) and (5.5). Equations (4.2) follow from (5.2), equations 
(4.3) and (4.4) follow by the definition of the associator. Finally A is an 
algebra morphism by (5.4) and (5.10). □ 
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5.2. Antipodes of crossed systems. Let G be a group, {A,^, S,a, /3) be 
a quasi-Hopf algebra and {o'*,9(^^^t), Ja)a,TeG a G-crossed system over A. An 
antipode for (cr* , ^((^ , Ja)a,TeG is a function v : G A^ such that 

(5.11) VaT{(TT)4S{e^,r)) = (t"^ )* , 

(5.12) v;^S{x)v^ = {a-%{S{a.{x))), 

(5.13) t;.(a-i)*((5(j])«j2))0,-i,, = a, 

(5.14) J>,(/3t;.(a-i),(S(j2)))^,,,^i = ^, 

for all a £ G, where = ® J"^. The next proposition follows by a 
straightforward verification. 

Proposition 5.3. Let u : G — > he an antipode for {o'^,9(^„^t--), Ja)a,TeG- 
Then {S, a#e, ,0#e) is an antipode for A^G, where 

S{x#a) = v,{a-^US{x))#a-\ 

for all a e G,x e A. □ 

5.3. Equivariantization and crossed systems. Let us assume that G 

is an Abelian group. In this case a G-crossed system over A gives rise to 
a G-action on the category Rep(^). Indeed, for any a G G we can define 
the tensor functors [Ff^Xa] '■ Rep(^) Rep(^) described as follows. For 
any V G Rep(>l), F(^(y) = y as vector spaces and the action on -Fo-(V^) 
is given by a • = o"*(a)f for all a & A, v £ V. For any V,W G Rep(A) 
the isomorphisms {C<t)v,w '■ Vi^W — ^ l^®!^ are given by {Ca)v,w{''J'^w) = 
Jcr ■ {v(Siw) for all V e V, w e W. For any a,T E G the natural tensor 
transformation jcr,T '■ Fa ^ F^^r , {la,r)v{v) = e-^\^v for all V e RepiA), 
veV. 

Lemma 5.4. // 0(a,T) = ^(r.o-) for all a,T £ G then the tensor functors 

(^Fcj,Q(j) described above define a G-action on Rcp(j4). 

Proof. The conmutativity of G and equation ^(ct,t) = ^(t,<t) for all a,T £ G 
imply that the maps ja,T are morphisms of A-modules. The proof that the 
tensor functors {FcrXa) define a G-action is straightforward. □ 

Given a G-crossed system (cr* , 0(o.,t) 5 ■^■)o■,T6G over A we consider the cat- 
egory Rep(A)'^ of G-equivariant ^-modules. 

Proposition 5.5. Let G be an Abelian group, A be a quasi-Hopf algebra 
and {(J*,0(a,T)T JcT)cT,TeG « G-crossed system over A such that ^(^r) = ^(t,ct) 
for all a,T £ G. Then there is a tensor equivalence between Rep(A)'^ and 
Rep(A#G). 

Proof. Let (y,u) be a G-equivariant object. The linear isomorphisms : 
Fa{V) V satisfy 

(5.15) Ua{(T^{a) -v) = a- Ua{v), Ua{Ur{v)) = UaT{0{a,T) ' 
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for all V E V , a E A, a,T & G. Equation (5.15) together with the fact that 
= ^(t-^ct) for o;t e G imply that there is a well-defined action of the 
crossed product A^G on V determined by 

(5.16) {a^a) ■ V = au~^ (v) , 

for all a G A, V V, a G. Morphisms of G-cquivariant representations are 
exactly morphisms of A#G-modules. Hence we have defined a functor 

T : Rep{Af Rep{A#G), 

which clearly is a tensor functor. Assume that W € Rep{A^G). Then, by 
restriction, is a representation of A. Moreover (W, u) is a G-equivariant 
object in Rep (A), letting 

u,:W^W, u^{w) = {9-;^^_,^#a-') ■ w, 

for every a € G. We have thus a functor Q : Rep{A^G) — )■ Rep(>l)'^. It is 
clear that T and Q are inverse equivalences of categories. □ 

Remark 5.6. A version of the above result appears in [Na, Prop. 3.2]. 

5.4. Crossed product of quasi-bialgebras. 

Definition 5.7. Let {A, $, S, a, j3) be a quasi-Hopf algebra, and let G be a 
group. We shall say that ^ is a G-crossed product if there is a decomposition 

A = ®„eGA„, where: 

• ^ e Ae Ae ^ Ae, 

• A^At C A^t for all a,T € G, 

• Afj has an invertible element for each a E G, 

• A{A^) C A^^A^ for each a e G. 

• S{A„) C A^-i, for each a G G. 

• a,/3eAe 

Proposition 5.8. Every G-crossed product A is of the form Bjj^G for some 
quasi-Hopf algebra B. Moreover, there exists an antipode v : G such 
that B^G is isomorphic to A as quasi-Hopf algebras. 

Proof. Let ^ be a G-crossed product. Set B = A^. Since every A^ has an 
invertible element, we may choose for each cr G G some invertible element 
tcr E Afj, with te = 1. Then it is clear that A^^ = t^Ag = A^ta, and the set 
{tcr : o" G G} is a basis for ^ as a left (and right) Ag-module. Note that 
e{ta) 7^ 0, because e is an algebra map and t„ is invertible. Thus, we may 
and shall assume that e{tfj) = 1 for each a € G. Let us define the maps 

(7* (a) = taat~^, for each a G and a G A^., 

and 

-.G -xG ^ A by 6'(^^^) = t^trt^^ for a,T € G. 

We have that A(to.) G A^- (8> A^^ can be uniquely expressed as A(to.) = 
Ja{ta <^ ta), with Jq- G Ag. Since A is an algebra morphism, J^- is 
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invertible, and for the normalization e{ta) = 1, (eCSiid )( Jq-) = (id ®e){Ja) = 
1. 

Then, it is straightforward to see that the data (cr*, 0(a,T)i Jij)a.TeGj defines 
a G-crossed system over the sub-quasi-bialgebra Ag C A, and Ag^G is 
isomorphic to ^ as quasi-bialgcbras. 

The antipode S : A ^ A is anti-isomorphism of algebras, and the con- 
dition S{Af^) C A^-i implies that there is a unique function v : G ^ A^ 
such that S{tfj) = 9at„-i for all a G G. Hence, it is straightforward to see 
that V is antipode for the crossed system {o-*,6(^^^t-)j Ja)a,TeG, and Ag^G is 
isomorphic to ^ as quasi-Hopf algebras. □ 

5.5. Twisted homomorphisms of comodule algebras. Let A be a quasi- 
Hopf algebra. A twisted homomorphism of left A-comodulc algebras (/C, A, ^\) 
and (/C',A',$^) is pair (f,5) consisting of a homomorphism of algebras 
f : /C ^ /C' and an invertible element 5 £ ^ <8) /C' such that 

(5.17) $A'(A^id)(3) = (id (g)A')(5)(l(» J)(id ® id ^f){^x), 

(5.18) (£®id)(a) = l, 

(5.19) A'(f(a))a = a(id ® f)(A(a)), for all a G /C. 

A morphism between two twisted homomorphisms (fi,5i), (f2,52) : ^ ^ 
/C' is an clement c G /C' such that cfi(a) = f2(ci)c for any a G /C and 
A'(c)3i =^2(1 ^c). 

To any twisted homomorphism of comodule algebras (f , ^J) : /C — > /C' there 
is associated a Rep(A)-module functor 

(f,^3):Rep(/C')^Rep(/C), 

where, for all V G Rep(/C2), f*iV) = V with action given hy x ■ v = f(x)u, 
X G /C, v G y. The natural transformation is given by 

for any X G Rep(^),M G Rep(/C2), a; G X, m G M. Morphisms between 
twisted homomorphisms f , f : /C ^ /C' of A-comodule algebras correspond 
to module natural transformations between the module functors. 

Let A be a quasi-Hopf algebra and (/C, A, $;s^) be a left A-comodule algebra. 
For each twisted endomorphism (/, J) : A ^ A, we define a new left A- 
comodule algebra (/C-^, A-'', ${), where /C-^ = /C as algebras and 

A/(x) = (/ C5 id )A(x), = (/ ® / id )($a)( ® 1), 
for all x G /C. 

Definition 5.9. Let ^4 be a quasi-Hopf algebra and (/C, A, $a) be a left 
74-comodule algebra. Given a twisted endomorphism (/, J) of A, a (/, J)- 
twisted endomorphism o/ /C is a twisted homomorphism from (/C-^, A-^, $^) 
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to (AT, A,$a)- Explicitly a (/, J)-twisted endomorphism is a pair (f,-3) con- 
sisting of an algebra endomorphism f : /C — )■ /C and an invertible element 
Z G A^K, such that: 

(5.20) (£®id)(a) = l, 

(5.21) $A(Ac5id)(3)(J0l) = (id ®A)(3)(l®;5)(/®/®f)($A) 

(5.22) A(f(x));j = a(/ f)(A(x)), for all x G /C. 

Lemma 5.10. Let (a*, Ja)a,T€G be a crossed system over a quasi-Hopf 

algebra A, and {)C,X,^x) a left A-comodule algebra. If (fo-j^o-)! (fri-Ur) ■ 
/C — > /C are {a ^, Ja) -twisted and {t^ , Jr) -twisted endomorphism, then 

(f<7,5a)o(fr,3r) = (fa O fr , X (f^* fa) (5r) (^a,r ® 1)) 

is a ((o"r)*, Jo-r)-twisted endomorphism. Moreover, this composition is asso- 
ciative, i.e., ififa,Za), (fr^^r), (fp,-3p) ■ JC ^ K. are {a ^, J -twisted, {T^,Jr)- 
twisted, and {p^,, Jp) -twisted endomorphism, then 

Proof. If we use the following notation 

3o-0 3r = ■3o-(<7* ® fa)iZr)i0a,T ^ 1), 

thus we need to prove: 

(1) (e® id)(a<xO ^r) = 1, 

(2) $A(A«)id)(aaOar)(Jar®l) = (id A)(Xo 5t)(1 5r)(((^T)* (g) 

(frr)* Of^ of^)($A), 

(3) A(f<^ O fr{x))ZaO = Za^ 5r(/ f)(A(x)) for all X G /C. 

(1) The first equation follows immediately using e (g) id (^o-) = 1, and e is 
an algebra morphism that commutes with cr* for all a e G. 

(2) For the second equation, first we shall see some equalities: 

(5.23) 

(A (g) id) (a* (g) fa){dT){Ja <g) 1) = {Ja ® l)(o-* g) cT* g) f(,)(A id)(ar) 
(5.24) 

(1 (g) 3^) ((7* (g) cr* (gf<^) [(id (gA)(ar)] = (id ® A)(cr* ® f^)(ar)(l ®5a) 

The equation (5.23) follows by axiom (5.4) of J^r, and the equation (5.24) 
follows by axiom (5.22) of Za- 

(5.25) $A(A^id)(X(CT, «)f^)(a^))(J<, (g 1) 

(5.23) = $A ( A ® id ) (3a) (A ® id ) (a* ® f^) (^r ) (^a g) 1) 
(5.21) = $a(A ® id )(a^)(J^ (g) l)(c7* (g) cr* (g f^)(A (g id)(CJ^) 

= (id ® A)(aa)(l ® 5a) ((^* ® (T* (g) fa)($A)((^* (T* f^){A ® id )(ar) 

= (id ®A)(X)(l<^aa)((T*(g)a=,®f^)[$A(A«)id)(5r)] 
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(5.26) $a(A id ){Za{a* ® fa){2r))[Ja{(^* ^ (^*)iJr) ® 1] 

(5.25) = (id (8)A)(aa)(l^Ji<7)(f^*«'cr*(g)fa)[^A(A®id)(ar)]((cr*0cr*)(Jr))<8)l 

= (id «)A)(5a)(l«'5<7)(o-*(8)(7*(g)f(,)[^>A(A®id)(ar)(Jr«)l)] 

(5.21) = (id(8)A)(5(^)(l(g)3(^)((J*®C7*(g)f(^)[(id(8)A)(.3r)(l(8)3r)(T*(^T*®f.r)($A)] 
= (id®A)(aa)(l«)5a)((^*«)(T*«)f<,)[(id®A)(ar)(l«>5r)]((T*T*®(7*r*®f<,^)($A) 
= (id (8) X){Za){'l^^a){<T* ® (7* ® f<,)[(id ® A)(ar)] 

X [1 (8) ((7* (8) fa)(5r)](cr*T* (8) (7*T* (8 f(Tfr)(^A) 
(5.24) = (id 0A)(aa)(id ® A)((7*(8fa)(3r)(l«'5a) 

X [1 (8) (cT* «)fCT)(5T)](o-*n (g)o-*n 0f<^f^)($A) 

= (id (8)A)[(aa)(o-* «)f<x)(ar)](l®5a) 
X [1 (g) (cr* «)fCT)(5T)](o-*n ®cr*r* «)f<xfT)(^'A) 

= (id A)(f^o f^)(i f^o fO(e(;^|^) «) <S) i)(a*n (8 f<xfr)(^A) 

(5.7) = (id(8)A)(aaO-3r)(l®5<To5r)(((7r)*(8)(aT)*(8)fafT)($A)(^(;J.^)®^("^^)®l) 

$A(A(8id)(aaO ^r){JaT (S) 1) 

= ^>a(A (8 id )(aa(fT* (8 fa)(ar)(^<7,r ® l)){Jar ^ 1) 

= $a(A (8 id )(aa(^7* ® f^)(a^))(A(0^,^) J^^ ® 1) 

(5.10) = ^>a(A (8 id )(a^(a* ® fa){^r))[{Ja{cr* (S) a^){Jr)i0(^a,T) O 6'(<7,r))) ® 1] 

= $a(A O id)(3a(f7* ^ fa)(ar))[Ja(CT* (8) o-*)(Jr) (8) 1] 

X [^(<x,r) ® ^(a,r) ® 1] 

(5.26) = (id ®A)(aa0 5r)(l®f^O f^) (((Jt)* (8 (cTt)* f<,f^) ($a) (^"^ <8 1) 

X [^'(a,r) ® ^(a,r) 1] 

= (id (8) A)(CJ<,o 5^)(1 ® f^o ^)((ar)* (ar)* ® fafr)(*A) 

The proof of the second equation is over. 
(3) Now we shall prove the third equation: 

= A(f, o f^{x))^^{a, ® f,)(a,)(e,,, (8 1) 
(5.22) = X(o-* <8) fa)A(f^(x))(o-* ® f^)(:3^)(6i^^^ ^ 1) 

= aa(f7* ^ f^)[A(^(x))ar](^<x,r <S) 1) 
(5.22) = 5(^((T* (8) f(7)[3T(T* (8) fr)A(x)] (6'c.,r ® 1) 
= M<^* ® fa)(5r)(«7*n ® fafr)(A(x))(e^,.^ ® 1) 
(5.7) = ^^((7* «) fa)(^Jr)(^a,r ^){i<^r)^ ® fafr)(A(x)) 
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Finally, we shall prove the associativity of o, 



[3a° 3t]o = [daicr* (8) fa){^T){da,T ® 1)]° 

= Za{(^* ® fa){:ir){Oa,T ® 1)(((^t), ® (f^ O f^)){2p){e^r,p ® 1) 
(5.7) = (8) fo-)(^fr)(o-*T* (fa O f^))(5^)(6l(^_^6'o-r,p 1) 

(5.8) = Za{<^* (8) fo-)(^lT)(<7"*T* (g) (fg- O fr )) (3p) (cT* (6'i-,p)6'(^,^p (g) 1) 
= Za{cr* (8) fa)Pr(r* ® fr ) (^p) (^'r.p l)](6'a,rp ® 1) 

= ^a{cr* <8) f(T)[JTO Jp](^(T,Tp (8) 1) = JctO [JtO -^p] 



□ 



5.6. Crossed system of comodule algebras. Let ^ be a quasi-Hopf al- 
gebra (/C,A, be a left ^-comodule algebra and {cr*,6(^„^T--^, Ja)a,TeG a G- 
crossed system over A. 

We define the monoidal category Aut g'^f/C) of twisted automorphisms as 
follows. Objects in Autg^f/C) arc (cr*, Jo-)-twisted automorphisms of /C for 
£7 G G, the set of arrows are the isomorphisms of twisted homomorphisms 
of ^-comodule algebras, the tensor product of object is defined by the com- 
position explained in Lemma 5.10. The unity object is the id;C) E^nd tensor 
product of arrows is as in Aut "^""(A). 

Let C G be a subgroup. An F-crossed system for a left A-comodule 
algebra /C, compatible with the G-crossed system icrit,9(^cr,T)j Ja)a,TeG is a 
monoidal functor ( ) : F — > Aut_J™(/C), that is, an F-crossed system consists 
of the following data: 

• A (cj^,, Jo-)-twisted automorphism (a, J^) for each a E F, 

• an element ^((T,r) & K,^ for each a,T € F, 
such that 

(5.27) (1,7^) = (id,l0l). 



(5.28) ^(,,,)(ar)(/c) = a(r(fc))0(,,,), 

(5.29) 9(^„^t)9(^^t-^p) =0'{9(r,p)Wa,Tp, 

(5.30) ^(1,,) = ^(,,1) = 1, 

(5.31) X{9(^^^r))Jar = 'Ja{{(y*(^^){Jr))9i^„,r) ^ ^(a,r) , 

for all k & )C, a,T,p ^ F. Let /C#F be the vector space JC^^kF with 
product and coaction given by 

(5.32) 

_ 1 2 

for all x,y E IC, a,T E F. 

Proposition 5.11. The foregoing operations make the space JC^F into a 
left A#G-comodule algebra with associator = ^x#'^®^'i#'^®^x#'^- ^ 
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Definition 5.12. Let G be a group, and F C G be a subgroup. Let vl be a 
G-crossed product quasi-bialgebra, and let (/C, A, be a left A-comodule 
algebra. We shall say that /C is an F- crossed product, if there is a decompo- 
sition /C = ©o-eF ^o-' such that 

• KaK-r C /C<jr for all a,T e F, 

• ICa has an invertiblc clement for each a E F, 

• A(/C<^) C A„0lC„ for each a e F. 

Let ^4 be a quasi- Hopf algebra and (c* , ^((j^^-) ! Ja)a,TeG be a crossed system 
for the group G. We have similar results as for quasi-Hopf algebras. The 
proof is analogous to the proof of Proposition 5.8. 

Proposition 5.13. Let {C,S) be a F-crossed A^G-comodule algebra, for a 

subgroup F Q G. Then there is an A-comodule algebra fC, and an F-crossed 
system over JC compatible with the crossed system {o'*,9(^cr,T)jPcr)a,TeG, such 
that /C#F and C are isomorphic A^G-comodule algebras. 

Proof. Let £ be a F-crossed yl#G-comodule algebra, for a subgroup F C G. 
Set K. = Ce. Since every C^^ has an invertible element, we may choose for 
each a G F some invertiblc clement Ufj E C^, with = 1. Then it is clear 
that Ca = UfjCe = CgUfj, and the set {ua ■ cr G F} is a basis for £ as a left 
(and right) >Ce-module. Let us define the maps 

a{a) = u„au^^, for each a F and a G Cg, 

and 

: G X G ^ jOe by d(a,T) = UaUrU^^ for a,T e F. 

Note that (g) Ur}a€G,TeF is a basis for Aj^F £ as a left (and 

right) A ® £e-modulc. Wc have that 6{ua) G ^i^cr (S) can be uniquely 
expressed as 6{u„) = Ja-((l#o") ® u„), with J^^ G A® Ce, for all a E F. 

Then, it is straightforward to see that the data {o',6(^^^t-), Jcr)a,TeF, de- 
fine an F-crossed system over the ^-comodule algebra and C^H^F is 
isomorphic to C as A^G comodule algebras. □ 

Let G be an Abelian group, F Q G a subgroup, {(J*,0[a,T)i Ja)(7,TeG be a 
crossed system over a quasi-Hopf algebra A, and {a,9(^^^^-^, Ja)a,TeF be an 
F-crossed system for a ^-comodule algebra JC. We shall further assume that 

for all a,T e G, p,u e F. We can consider the action of G on the category 
Rep(^) described in Lemma 5.4. 

Proposition 5.14. Under the above assumptions the following assertions 
hold. 

1. The Rep{A) -module category is F-equivariant. 

2. There is an equivalence between (ic-M)^ and /c^p-M. as Rep(yl)'^- 
module categories. 
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Proof. 1. For any p G F define (Up, d') : icM {icMY the Rep(^)-module 
functor given as follows. For any M G K.M-, Up{M) = M as vector spaces 

and the action of K. is given by: x-v = p{x) • v, for all x G /C, v G M. For any 
X G Rcp(A), M € kM the maps 4^^^ : Up{X(S)kM) Fp{X)(^tUp{M) 

arc defined by 4^(x(g)f) = Jp^ ■ (x^v), for any x G X, t; G M. Equation 
(2.1) for the pair {Up,cP) follows from (5.21). 

For any a,T e F define ficr,T '■ U^oUt,^ U^rT as follows. For any M G k-M., 
me M 

Ata,r("2) = ^(^^^) • m. 

It follows from equation (5.7) that //o-,t is a morphism of /C-modules. Equa- 
tion (3.2) follows from (5.7) and (3.3) follows from (5.10). 

2. Let T : (k-M-)^ k.#fM. be the module functor defined as follows. If 
(M, v) is an F-eqTiivariant object then for any a E F we have isomorphisms 
Va : Ua{M) M satisfying 

^^-r(^(a!r) ■ ™') = '"A'"r{m), Va{a{x) ■ m) = X ■ Va{m), 

for all (T, r G F, X G /C, m G M. In this case there is a well-defined action of 
IC^F on M determined by 

(5.34) (a^#c) ■ m = X ■ v~^{m), 

for all (J G F, X G /C, m G M. We define T(M) = M with the above 
described action. If {X,u) G Rep(^)'^, (M,f) G {icM)^ the action of /C#F 
on X0M using the coaction given in (5.32) coincides with the action (5.34) 
using the isomorphism v described in Lemma 3.3. The proof that T is an 
equivalence is analogous to the proof of Proposition 5.5. □ 

The category of F-equivariant objects in a module category is always of 
the form j^^^pM for some left A-comodule algebra /C and some group F. 

Proposition 5.15. Let A be a finite dimensional quasi-Hopf algebra and 
G be a finite Abelian group and F C G a subgroup. Let (a*, ^(o-,r)) Ja)u,T^G 
be a G-crossed system over A, and Ai be an exact F-equivariant Rep(^)- 
module category. Then there is a left A-comodule algebra (/C, A, $'^) such that 
= Ai as Rep(A)-module categories and there is an F -crossed system 
compatible with {o'*,6(^^,,--^, Ja)a,TeG such that jc#f-M. ~ as Rep(A)'^- 
module categories. 

Proof. Let B be a finite-dimensional quasi-Hopf algebra such that there is 
a quasi-Hopf algebra projection n : B A and an equivalence Rcp(i?) ~ 
Rep(^) X F of tensor categories, see section 3.4. Since Ai is F-equivariant 
follows from Proposition 3.4 that M is an exact Rep(B) module category. 

Hence there exists a left 5-comodule algebra {JC, A, $^) such that M. ~ 
icM. as Rep(S)-modules. Let us recall that the equivariant structure is given 

by 

{Ua, c^) : M ^ M", Ua{M) = [1, (t]®M, 
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for all 0" G -F, M € together with a family of natural isomorphisms 
Mo-.T : Ua oUr ^ UfjT for any a,T E F. Under the equivalence Rep(B) ~ 
Rep(^) XI F the object [1, a] correspond to a 1-dimensional representation of 
B. For any a G F let us denote hy Xa '■ B ^ k the corresponding character 
and the algebra map a : /C — >■ /C, a{k) = X(7(fc(-i)) ^(o)) for ^■ll k E JC. 

Define A'^ = (7r(g)id)A, then (/C, A'', (7r(8)7r(8)id )($^)) is a left A-comodule 
algebra that we will denote by IC^. The equivalence M ~ )cM of Rep(B)- 
module categories induces an equivalence A4 ~ ic^A4 of Rep(A)-modules. 
Under this equivalence the functors Ua ■ k.^M ^ {ic^-My are given as 
follows. For any M G k^M, Ua{M) = M and the action of /C on M is given 
by 

k ■ m = a{k) ■ m, for all G /C, m G M. 

For any a,T £ F denote 

Turns out that the collection (a, 0[a,T)i Ja)a,TeF is an F-crossed system com- 
patible with (<7*, 0(0-,^), Ja)a,T£G fo^ the 74-comodule algebra K7 . Indeed for 
any a E. F the pair (a, J(j) is a (cr*, J(j)-twisted automorphism since equation 
(5.21) follows from the fact that c*^ satisfies (2.1) and equation (5.22) follows 
since c'^ is a /C-module morphism. Equation (5.28) follows since /Uq-^t- is a 
morphism of /C-modules, equation (5.29) follows from (3.2) and equation 
(5.31) follows from (3.3). The equivalence K:-^^pM. 2± as Rep(A)'^- 
module categories follows from Proposition 5.14. 

□ 

6. Module categories over the quasi-Hopf algebras A{H, s) 

6.1. Basic Quasi-Hopf algebras A{H,s). We recall the definition of a 
the family of basic quasi-Hopf algebras A{H, s) introduced by I. Angiono 
[A] and used to give a classification of pointed tensor categories with cyclic 
group of invertible objects of order m such that 210 f m. 

Let m G N and H = (Bn>oH{n) be a finite-dimensional radically graded 
pointed Hopf algebra generated by a group like element x of order m? and 
skew primitive elements xi, ...,xg satisfying 

(6.1) xXiX~^ = q'^'x^, A{x^) = Xi (S) I + X~^' <^ Xi, 

for any i = 1,. . . ,0, where g is a primitive root of 1 of order m^, H = 
Q3(F)#kC^2, where ^{V) is the associated Nichols algebra of the Yetter- 

Drinfeld module V G lc"'^yV. 

We shall further assume that ©(F) has a basis {x^^ . . . Xq^ : < Si < Ni}. 

Remark 6.1. The above condition does not hold for any Nichols algebra. If 
V has diagonal braiding with Cartan matrix of type A3 then ^{V) is not 
generated by elements of degree 1. This conditions is satisfied for example 
for any quantum linear space. 
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Set a := x™" and denote by {Ij : i G ^^2}, {Ij : j G Cm} the families of 
primitive idempotents in lkC„2 and kCm respectively. That is 



^ m — 1 ^ m—1 

fe=o z=o 

For any < s < rn — 1 set Jg = Xirj-^o^ (8) Ij, where c{i,j) := 

Here j' denotes the remainder in the division by m. The associator 
$s = dJg is written explicitly as 

m—1 

(6.2) $5 := J2 ^s{hj, k)li ® Ij- Ife, 

i,j,fe=0 

wherews : (C^)^ — > is the 3-cocyclc defined by Co's(z,j, /c) = q-'^Ki+i-U+t)') _ 
Consider the quasi-Hopf algebra (Hj^, $5) obtained by twisting H. Denote 
T{H) = {l<s<m-l:bi = sdi mod(m), 1 < i < 6*}. For any s G T{H) 
the quasi-Hopf algebra A{H, s) is defined as the subalgebra of H generated 
by a and xi, ...,xq. The algebra A[H, s) is a quasi-Hopf subalgebra of Hj^ 
with associator $5 such that A{H , s) /Ila.d A{H , s) = k[Cm\- See [A, Prop. 
3.1.1]. 

For any 1 < z < ^ we have that 

m-l m-1 /m-d^-1 

y=0 z=0 \ y=0 

m—1 

j=m-df 

Remark 6.2. Our definition of A{H, s) is slightly different that the one given 
in [A, § 3]. This is not a problem since our quasi-Hopf algebras are isomor- 
phic to the ones defined in loc. cit. except that the s may change. The 
difference comes from the fact that we are using (x~''S 1) skew-primitive 
elements instead of {1,-)^^) skew-primitive elements. 

6.2. Cm-crossed system over A{H, s). The cyclic group with m elements 
win be denoted by Cm = {1, /i, /t^, . . . , /i"^"^}. For any < z < m set 
((/i*)*, J^i) the twisted endomorphism of A{H, s) given by 

Jfti = l(g)l, (^')*(a) = x^'o-x"'' for all a G A{H, s). 

(i+i)-(i+3)' 

For any < i, j < m define ^(ij) = 0(h\hj) = ^ " 

Remark 6.3. li i + j < m then ^(i j) = 1 and if i -|- j > m then ^(jj) = cr. 
In principle the algebra maps (/i*)* are defined in H but when restricted to 
A{H, s) they are well-defined. 
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These data is a C^^-crossed system over A{H, s) such that the equivari- 
antization Rep(A)^'" is tensor equivalent to Rep(i7). This is contained in 
the next result which gives an alternative proof for [A, Thm. 4.2.1]. 

Proposition 6.4. 1. {{h^)*,d{ij), Jhi)h\hJeCm ^ Cm-crossed system 

over A{H, s). 

2. There is an isomorphism of quasi-Hopf algebras A{H, s)#Cm — Hj^- 

3. There is a tensor equivalence Rep(>l)'-^'" ~ Rep(iJ). 

Proof. 1. it follows by a straightforward computation. 

2. Define ip : A{H, s)#Cm — >■ Hj^ the linear map given by 

ip{a#h') = a/, 
for all < z < m, a G ^. Let < i,j < m, a,b G A then 

cpi{a#h'){b#h^)) = ^(a(/i*),(6)%,)#/i'+^) = a/bx~'e^,j^x^'+^y. 
On the other hand 

^ia#h'Mb#h^) = ax''bx''. 

It is enough to prove that bx^ = x' ^X~* ^(i,j)X^^^''^ ioi b = xi, 1 < I < 0. 
li i + j < m then 

X''xiX~''0{i,j)X^'^^^' = q'^'^xix'^^ = x'xix^- 
If i + _7 = m + A;, > then 

^'xix-''0{^i,j)X^'^'y = <f''xiax^ = q^^'xix'^^ = x'xix' ■ 

It follows immediately that 99 is a coalgebra map and it is injective and by 
a dimension argument is bijcctive. 

3. It follows from Proposition 5.5. □ 

Remark 6.5. There is a grading on B. compatible with the isomorphism of 
Proposition 6.4 (2). Namely, if cj G G then the vector space i^o- has basis 
{xf . . . x^V}. Define = H^mj+i, thus H = 0^-^ H(^\ It is not 

difficult to prove that with this grading i!f is a Cm-crossed product (see 
definition 5.7) and this crossed product is compatible with the isomorphism 
of Proposition 6.4 (2). 

6.3. Right simple A(H, s)-comodule algebras. We shall present some 
families of right A{H, s)-simple left A{H, s)-comodule algebras. This class 
will be big enough to classify module categories over Kep{A{H, s)) in some 

cases. 

Let {K, A) be a finite-dimensional left iJ-comodule algebra. We say that 
{K, A) is of type 1 if the following assumptions are satisfied: 

• There exists a subgroup F C C^2 and t G N such that K has a basis 
. . . y[*e/ : < rj < Nj, f e F,t < 0} such that 
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• there is an inclusion i : K ^ H oi //-comodules such that 

^(e/) = /, ''(yO = xi, 
for all / G F, Z = 1 . . . i. 
Observe that in this case we have that 

A(e/) = /®e/, \{yi) = xi®\ + x~^' ®yi- 

Definition 6.6. We shall say that a Hopf algebra H = *8(y)#kG is of type 
1 if 

(1) has a basis {x^^ . . . x^" : < Sj < ATj}, where V is the vector 
space generated by {xi, . . . , xg}, 

(2) any right i^-simple left iJ-comodule algebra {K, A) is equivariantly 
Morita equivalent to a comodule algebra of type 1. 

Remark 6.7. li H = *B(l/)#Ikr is the bosonization of a Nichols algebra and 
a group algebra a finite group V then H is of type 1 when F is a quantum 
linear space and T is an Abelian group [Mo2] or when V is constructed from 
a rack and F = S3, S4 [GM]. 

Let {K, A) be a type 1 left i/-comodulc algebra such that Kq = kF 
where F C C^2 is a subgroup such that < a >C F we shall denote by 
A-^" : ^ H®K the map given by 

\J-{x) = Js\{x)J-^, for all xeK. 

Here Jj is identified with an element in H®K via the inclusion id (8><-. The 
same calculation as in [A, Prop. 3.1.1] proves that \-'''{K) C H®K. Define 

(-ftT"^'', A''", ^^(Js®!)) the left //-comodule algebra with underlying algebra 
coaction A"^' and associator $s(Jg(8)l). It follows from Lema 4.9 that 
{K-^%X^%^s) is a left i/j^-comodule algebra. 

Lemma 6.8. The left H-com,odule algebras (K, A) and A^^^ $s( Js(8)l)) 

are equivariantly Morita equivalent, that is k-M, j^Js-M. are equivalent as 
Rep(i/ ) -modules. □ 

Proof. For any X G Rep(i/), M G kM and any x e X, m e M define 

cx,M '■ X^i^M — ^ X(g)kM, cx,M{x^m) = J, • (x(g)m). 

It is immediate to prove that the identity functor (Id, c) : k-M — >■ j^Js M is 
an equivalence of module categories. □ 

Definition 6.9. Let (/C, A, <I>^) be a left i/j^-comodule algebra such that the 
associator G A{H, s)^<tA{H, s)(^^JC. Define £ = \~^{A{H, s)(g:i^JC) and 
denote A the restriction of A to AC. Then (/C, A, $s) is a left A{H, s)-comodule 
algebra. Turns out that this procedure is the inverse of the crossed product. 
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6.4. Actions on module categories ^^5;$ -jM- For the rest of this sec- 
tion we shall assume now that m = p is a prime number. 

Let {K, A) be a type 1 left i7-comodule algebra such that Kq = kF where 
F = Cd is a cyclic group. 

There are two possible cases; when < a >Q F or F = {1}. Let us treat 
the first case. So we assume that p\d. Let s, / G N be such that d = ps and 
si = p. Let us denote F = Cs =< x''^ >■ 

By hypothesis the vector space K has a decomposition K = (BfepKf 
where Kf is the vector space with basis {y[^ . . .yl*ef : < rj < Nj}. For 
any i = . . . s — 1 define 

Observe that K = K^'^^ With this grading K is an F-crossed product. 

Lemma 6.10. Under the above assumptions ^ ^Ai is an F-equivariant 

Kej>{A{H, s)) -module category and (^^3^$ ^M) — kM as module cate- 
gories overKep{H). 

Proof. It follows from Proposition 5.13 and Proposition 5.14. □ 

Now, let us assume that F = {1}. Let us endow the space if^kkCp with 
the product determined by 

The space if^fekCp is a left i^-comodule algebra with coproduct determined 

by 

It is clear that {K0tkCp)o = kCp. Thus we can consider the left A{H, s)- 
comodule algebra {K^^kCp, X,^s)- 

Lemma 6.11. Under the above conventions the following holds. 

1. The module category (kCp.A,*^)-^ has a Cp-action such that there is 

an equivalence ((kCp,A,*s)-^)'^*' — Vectk as Kep{H) -modules. 

2. The module category (^j^ig,^i^Q 3^ $ has a Cp-action such that there 

is an equivalence {(^x^^^c A* ^-M.)^" ^ kM as Iiep{H) -modules. 
Proof. 1. It follows from (2) taking K = k. 

2. Set A4 = X * )-^' -^^^ i = 0, . . . ,p — 1 define the functors 

{Ui,d) : M ^ M"' as follows. For any M E M Ui{M) = M with a new 
action > : {K®^kCp)®}^M M of K®)J^Cp given by 

yi> m = q^'^'' yi ■ m, a \> m = q^^ a ■ m, 
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for alH = 1, . . . ,i, m G M. For any X G Rep(A),M e M the map 
Cx,M ■ Ui{X®^M) Fi{X)<^^Ui{M) is the identity. 

(i+j)-(i+jy 

The isomorphism //jj : UioUj — )■ J/j+j is given by the action of ct p 
Altogether makes the category (^j^^^^q 3^ $ a Cp-equivariant Rep(^)- 
module category. 

Let N G xMod . Define -F(iV) = ef "q A^j where iVj = as vector spaces. 
Let us define a new action of K'Sik^Cp'SikJ''{N) -^(A) as follows. If 
n e Ni then 

a^n = qP'neNi, yi ^ n = g^'^ yi ■ n £ N(^di+iy- 

Recall that a' denotes the remainder of a in the division by p. Note also 
that for any i,j = 0, . . . ,p — 1 Ui{Nj) = Ni^j. The module T{N) is a Cp- 
equivariant object in (^j^i^^^q 3; ^ •j'^, indeed for any i = 0, . . . ,p — 1 define 

the isomorphisms Vi : Ui{J-{N)) J-'(A) as follows: Vi{n) = q^^ n G Aj+j 
for any n & Nj . This maps are K ^khCp-module isomorphisms and they sat- 
isfy equation (3.4). This defines a functor T : i^-Mod (x®kkc A * ^^^^ 
together with the identity isomorphisms cx,n '■ TiXi^ikN) X'SikJ''{N) be- 
comes a module functor. 

If M G a$ then M = (B^I^ Mi where Mi is the cigcnspace 

of the eigenvalue g^* of the action of a. The space Mq has a AT-action as 
follows. Since M is Cp-equivariant there are isomorphisms Vi : Ui{M) — >■ M 
such that the restrictions Vi \mo- Mq Mi are isomorphisms. If m G Mq, 
yi € K then yi ■ m G M^j, thus we can define A^^Mq — > Mq 

yi-^m = v^^{yi ■ m), 

for all m G Mq. The map M Mq is functorial and defines an inverse 
functor for J-". □ 

6.5. Exact module categories over Rep(^(if, s)). Now we can formulate 
the main result of this section. 

Theorem 6.12. Let H be a Hopf algebra of type 1 (see definition 6.6) and 
let M be an exact indecomposable module category o?;er Rep(v4(i7, s)). Then 
the following statements hold. 

(1) there exists a right H -simple left H -comodule algebra (A, A) ruith 
trivial coinvariants such that Kq D Cp and there is an equivalence 
of module categories ~ ^ ^ ^A^. 

(2) // there is an equivalence ^, ^, ^M. — ^ $ ^-M. as Kep{A{H, s))- 

modules then {K, A) and {K', A') are equivariantly Morita equivalent 
H -comodule algebras. 

Proof. 1. By Lemma 4.7 there exists a left A{H, s)-comodule algebra (/C, A, 
such that M. ~ K.-M.. The category ]cM. is A-equivariant for some sub- 
group F C Cp. Thus it follows from [AM, Thm 3.3] that there is a right 
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//-simple left i/-comodule algebra {S, 5) with trivial coinvariants such that 

[kM) ~ sM as Rep(i/)-modules. Hence 5*0 = kl, -So = kCp or = IkCp2. 
In any case, it follows from Lemmas 6.10, 6.11 that there is a right H- 
simple left //-comodule algebra (K, A) with trivial coinvariants such that 

Kq 5 Cp and there is an equivalence — ((if"' a' $' )-^) • Whence 

{k-^)^ — ((Jf- X' $')-^)^' ^^^^ using Proposition 3.4 (5) we get the result. 

2. There exists a subgroup F Q Cp such that both module categories 
(K' A' )"^' A * F-equi variant and there are equivalences of mod- 

ule categories over Rep{HjJ 

Thus by Lemma 6.8 follows that kM k'M.. □ 

6.6. Some classification results. We apply Theorem 6.12 to obtain the 
classification of module categories over Ilep(A(H, s)) where H is the bosoniza- 
tion of a quantum linear space. 

Let gi, . . . ,gQ G Cp2, xi, • • • , Xe S Cp2 be a datum for a quantum linear 
space and let V = V(gi, . . . ,gg,xi-, ■ ■ ■ , Xe») tlie associated Yetter-Drinfeld 
module over kCp2 generated as a vector space hy xi, . . . ,X0. For more details 
see [AS]. 

The Hopf algebra H = *B(F)#kCp2 is a type 1 Hopf algebra, see [Mo2]. 

Let us define now a family of right iZ-simple left i/-comodule algebras. 
Let F C Cp2 be a subgroup and ^ = (^i)i=i...6i, a = (Q!jj)i<i<j<6» be two 
families of elements in k satisfying 

(6.3) Ci = if gf'^FoT (/)7^1, 

(6.4) aij = if gigj ^ F oi XiXjif) + 1, 

for all f ^ F . In this case we shall say that the pair (,^, a) is a compatible 
comodule algebra datum with respect to the quantum linear space V and 
the group F. 

The algebra A(y, F, ^, a) is the algebra generated by elements in {vi : i = 
1 . . . 6}, {ef : f e F} subject to relations 

(6.5) efCg = efg, efVi = XiU) ^ief, 



(6.6) ViVj - Qij VjVi = 

(6.7) v^^ - 



aij eg^gj if gigj G F 
otherwise, 



^iC^M, iigpeF 



Ni 
i 

otherwise. 
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for any 1 < i < j < 6- IfM^Cl/isa kCp2-subcomodule invariant under 
the action of F, we define A{W, F, ^, a) as the subalgebra of A{V, F, ^, a) 
generated by W and {e/ : / € F}. 

The algebras A{V, F,^,a) are right if-simple left iJ-comodule algebras 
with coaction determined by 

X{vi) = XiiS^l + gi®Vi, A(e/) = /(g)e/, 

for all i = 1, . . . , ^, / G F. The subalgebras A{W,F,S^,a) are also right 
i?-simple left iJ-subcomodule algebras. 

Theorem 6.13. [Mo2, Thm 4.6, Thm. 4.9] Let M be an exact indecom- 
posable module category over Rep(i?). 

1. There exists a subgroup F C Cp2, a compatible datum (^,a) and 
W C. V a subcomodule invariant under the action of F such that 
M. ^ A(W,F,i,a)-^ 0,^ module categories. 

2. The left H-comodule algebras A{W, F, ^, a), A{W', F',^', a') are equiv- 
ariantly Morita equivalent if and only if {W, F, ^, a) = {W, F' a') . 

□ 

Given a compatible datum a) with respect to V and Cp define the 
left s)-comodule algebra ^(F, ^, a) with underlying algebra equal to 

A{y,Cp,^,a) and coaction A : A{y,^,a) — >■ A{H, s)®kA{y,^,a) given by 
A(a) = Js\{a)J~^ for all a G ^, a). If C F is a kCp2-subcomodule 
invariant under the action of Cp define A{W,^,a) as the subalgebra of 
Aiy., ^, a) generated by W and Cp. 

As a consequence of Theorem 6.12 we have the following result. 

Theorem 6.14. Let M. be an exact indecomposable module category over 
RepiAiH,s)). 

1. There exists a compatible datum {^,a) and W C. V a subcomodule 
invariant under the action of Cp such that there is an equivalence 
M. — _X{W^a)-^ Kep{A{H, s)) -module categories. 

2. The comodule algebras A{W,£,,a), A{W',^',a') are equivariantly 
Morita equivalent if and only if{W,^,a) = {W' ,a'). 

□ 
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